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ABSTRACT

A graph recurrence sequence xg, x1, X5, ....., X2, —1 Of vectors for splicing system were
identified by the recurrencex,, 1 = A,x,,. The motivation of defining the graph recurrence
sequences are to authenticate whether the given spliced graph is determined by a set of
vectors and the existence of equivalence of two spliced graphs. The graph splicing
isomorphism is analyzed for finite and infinite recurrence sequence of vectors. The
recurrence relation is constructed for splicing system and its analytical solution had been
evaluated for all positive integers.
KEYWORDS: Splicing System, Graph Recurrence Sequence, Graph Splicing Isomorphism,
Recurrence Relation

1. INTRODUCTION

Tom Head [1] invented the notion of a splicing system in 1987 in an attempt to model
certain biochemical reactions involving cutting and reconnecting strands of double-sided
DNA. Since then the theory of splicing systems has become a new interesting area of Formal
Languages Theory. DNA exists not only as Linear Molecules but also as Circular molecules.
Investigating the Complex structures of genes, Rudolf Freund [3] suggested graphs as more
suitable objects for modeling such graphs and exhibit the relation between regular graph
splicing systems on graphs and splicing systems on strings. The graph splicing scheme of
Freund with semi graphs studied by E. Sampath Kumar [8] to get a characterization of spliced
semi graph to show some graph properties.Since Leonard Adleman [9] demonstrated that the
recombinant used to solve combinatorial search problem, the field of DNA computing has
developed very fast. It provides parallelism and high density storage when compared to
silicon based computer. DNA sequences are three-dimensional objects in a three dimensional
space. Hence graphs seem to be more suitable objects for describing complex three-
dimensional objects independently from their actual position in three dimensional spaces. A
DNA single-strand consists of four different types of units called nucleotides or bases strung
together by an oriented backbone like beads on a wire. The bases are Adenine (A), Guanine
(G), Cytosine (C), Thymine (T) and A can chemically bind to an opposing T on another
single-strand while C can similarly bind to G. To encode information using DNA, one can
choose an encoding scheme mapping the original alphabet onto over {A, T, C, G} and
proceed to synthesize the obtained information-encoding strings as DNA single strands. The
DNA strands representing the output of the computation can be read out and decoded. On this
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basis here we adopt graph an important tool for DNA-computational method.In this paper, we
investigate the graph recurrence sequences from spliced graphs at the time of splicing DNA
molecule in order to determine whether any two spliced graphs in terms of their adjacency
matrices are isomorphic or not. The recurrence relation for spliced graphs had also been
framed here.

2. PRELIMINARIES
2.1. Splicing System

Splicing is a model of the recombinant behavior of double-stranded molecules of
DNA under the action of restriction enzymes and ligases. A single stranded of DNA is an
oriented sequence of nucleotides A, C, G & T but since A can bindto T & G to C, two
strands of DNA bind together to form a double stranded DNA molecule, if they have
matching pairs of nucleotides when reading the second one along the reverse orientation.
2.2. Graph

A graph over Vis atriple (N, E, L) where N is the set of nodes, E is the set of edges
of the form (n, m) with n, m € N, n # m and L is the function from N to V assigning a label
from V to each node of N. The set of all graphs over V is denoted by y (V).
2.3. Graph splicing scheme

A graph splicing scheme ¢ is a pair (V, P), where V is an alphabet & P is a finite set
of graph splicing rules of the form ((h [1], E' [1])... (h [k], E' [K]); E), where k > 1& for all i
with 1 <1<k,
h[i] ey (V), h[i] = (N [i], E [i], Li]),
E’[i] c E[i],
o The node sets N[i] are mutually disjoint, and E must obey the following rules:
1. Each edge (n, m) € E'[i] divided is supposed to be into two parts, i.e., the start part (n, m]
and the end part [n, m).
2. The elements of E are of the form ((n, m], [n', m")), where (n, m) and (n', m') are edges
from U <; <« E'[i].
3. Every element from {(n, m], [n, m) / (n, m) € U, <; < E' [i]} must appear exactly once in a
pair of E.
2.4. Graph splicing rule

Let P = ((h[1], E1),..., (h[k], E'[k]); E) be a graph splicing rule, and let y yc(V). If
we can select k different graphs g [1]... g[k] from vy, then we can apply p to y, which yields
some sevy¢(V) in the following way:
e For all i with 1 <1<k, h[i] is a sub graph of g[i1], where f]1] establishes the injective node
embedding of h[i] into g[i].
e The union of g[1] ... g[k] can be looked at as a single graph g in y (V) and the union of the
functions f[i] as a single function f embedding the h[i] into g. From g we now eliminate all
edges from U< ; « f( E'[i]), but add all edges (f(n), f(m")) such that ((n, m], [n', m")) € E,
which yields the uniquely determined union of k' weakly connected graphs g' [1], ..., g' [K'].
2.5. ‘n-cut’ spliced graph
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The graph obtained by splicing DNA molecule at ‘n-strands’ is called an ‘n-cut’
spliced graph.
Example 2.1
The following graph G represents ‘1-cut’ splicing (uc ) with the vertices {1', 2', 3', 4', 5', 6'}

and the edges {(1, 1), 2, 2), (2, 3), (5, 5, (5, 4'), (4, 6)}. Here |N’| = 6 and [E’| = 6.
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Figure 1: Representation of ‘1-cut’ splicing

At the time of ‘1-cut’ splicing, the graph G is splitted into the following two graphs G; and
G,

G: G2

Figure 2: ‘1-cut’splicing split-ted graphs
Example 2.2:
Let o = ({A, T, C, G}, P), where P= {(Fig.2.5, Fig. 2.6{(1, 1), (2, 2), (2, 3", (&', 6), (6, 7), (7,
6')1 (71 7-),
(8, 8)}H}. Here A, T, C and G denote the four deoxyribonucleotides that incorporate adenine,
cytosine, guanine, thymine and with the enzyme the edge is splitted into two edges which
undergoes splicing operation.

=

7' 8

H
Figure 3: Representation of ‘2-cut’ splicing
The graph H at ‘2-cut’ splicing, we get
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Hl HZ
Figure 4:2-cut’splicing splitted graphs

3. GRAPH RECURRENCE SEQUENCE OF VECTORS FOR SPLICING SYSTEM

A graph recurrence sequencexg, xq, Xy, ....., X2,—10f vectors for an ‘n-cut’ spliced
graph G, with n>1 having 2k vertices vV k>3 is defined by the recurrencex,, .1 = 4, x,, for
m=0,1,2,....... ,2n+2 where Aqis an adjacency matrix of G, and x, is an initial vector in R%.
Each vector in the above sequence can be treated as a vertex labeling of G,. The label at a
given vertex at step m+1 obtained by summing the values at the adjacent vertices at step m.
Consider the initial vector of ‘I-cut’ spliced graph G; as xy,= (1,0,0,0,0,0). Then the
successive vectors will be
x1=(0,1,0,0,0,0)
x,=(1,0,1,0,0,0)
x3=1(0,2,0,1,0,0)
x4=(2,0,3,0,1,1)
x5=(0,5,0,5,0,0).

Similarly for ‘2-cut’ spliced graph G, consider the initial vector as x,= (1,0,0,0,0,0,0,0) and
the successive vectors are x;=(0,1,0,0,0,0,0,0)

x,=(1,0,1,0,0,0,0,0)

x3=(0,2,0,1,0,0,0,0)

x4=(2,0,3,0,1,1,0,0)

x5=(0,5,0,5,0,0,0,0)

x¢= (5,0,10,0,5,5,0,0)

x7=(0,15,0,5,20,0,0,5,5).

Proceeding like this, we get the graph recurrence sequence of vectors for ‘n-cut’ spliced
graph.

Let us assume the graph recurrence sequence of vectors as X;, X, X3, ... ...

X1= Xo, X1, X2, X3, X4, Xs

X2= Xo, X1, X2, X3, Xa, X5, Xe, X7

X3: Xo, X1, X2, X3, X4, X5, X6, X7, Xg, Xg and so on.

From above, we observe thatX; c X,,X, < X3, .....

Therefore, the graph recurrence sequence of vectors for ‘n-cut’ spliced graph is a subset of
the graph recurrence sequence of vectors for ‘(n+1)-cut’spliced graph for all n>1.
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Result 3.1.
The variation of the cardinality of graph recurrence sequence of vectors of every consecutive
cut spliced graph is two.

Result 3.2.

If the standard vector e;is an initial vector of graph recurrence sequence for ‘n-cut’
spliced graph with 1 at coordinate i and the remaining 2k-1 terms as 0. Then the graph
recurrence sequence for ‘n-cut’ spliced graph is centered at vertex i. In the above example,
the graph recurrence sequence of vectors Xy, X,, X3, ... ... are centered at vertex 1. For an
adjacency matrix An, G, denotes the corresponding ‘n-cut’ spliced graph. By, is the adjacency

matrix of an ‘ni-cut’ spliced graph G which is obtained by the rearrangement of the last 2k-
2 vertices of an ‘n-cut’ spliced graphG, . In this case, Gg is said to have the same X,-
sequence as G, . Also, the graph recurrence sequences for G, and G are identical for all

initial values of X,,. Moreover, there exist an Edmonds matrix E such that A "x=(E™B,E)" x
vYm>0,n>1and xeX,.

3.1. Definition
A set X, —R* is said to distinguish an ‘n-cut’ spliced graph G, from an ‘nj-cut’

spliced graph Gg if G, does not have the same X,-sequence as G, . (i.e) when the

rearrangement of all the vertices of G, occurs, X, distinguishes G, fromG;

3.2. Definition
A set X, —R* is said to determine an ‘n-cut’ spliced graph G a If X, distinguishes ‘n-

cut’ spliced graph G, from any graph not isomorphic toG, . Since X, distinguishes ‘n-cut’
spliced graph G, from an ‘(n+1)-cut’spliced graph G, which is not isomorphic to G, , we
say that X,, determines G,

Theorem 3.1.
Let A, and B, be 2k x2k matrices vV k>3 and xeR*. If A"x =B "x for 0<m<2k-1

then A,"x =B,"x for all m>0.
Proof. Let us prove the theorem by induction on m. We have, A"x =B, "x for 0<m<2k-1.
If s,is the degree of the minimal polynomial for B, then A™x =B "x for 0<m<s, .

Consider A"x =B,"x for 0<m<r,. We get, B,"=p(B,) where deg(p)<s, (since after
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reducing by the minimal polynomial). Now, A "“x=A A"x=A, B "x=A, p(B,)x= A, p(
A )x=B, p(B,)x=B,""x. Also, deg[xp(x)] < s, . Therefore, A"x =B "x for all m>0.

Theorem 3.2.

Let G, be an ‘n-cut’ spliced graph and Xn R, If { A" x/xeX,, m>0} spans R
then G, is not determined by X.
Proof. Let us assume A "x=(E™'B,E)"x VYm=>0, xeXqand E is an Edmonds matrix. Then
A (A™x) = A™x=(E?B,E)"x=(E'B,E) (E"'B,"E)x=(E™'B,E) A"x. We have A"
x=(E™B,"E) x VxeR* (since { A" x/xeX,, m>0} spans R*). Therefore, A"=(E"B,"E).
(i.e) A"and B, "are identical matrices. So G, and Gg are isomorphic to each other. Hence

G, is not determined by X,,.

Ay

4. GRAPH SPLICING ISOMORPHISM

A permutation of a vertex set [2k] Yk>3 on a vector v=(vg, 1, V2, cwvv, UVaj—1) IS
defined as a bijection from [2k] to itself. (i.e) A bijection map f: [2k] —>[2k] (where
[2k] = {01,..,2k-1}) on a vector v=(vy,v,Vy,....,V3—1) IS defined by

f QI)=(Wr 03, V(1) Vr @y -+ Vr 2k-1)):
Consider X,as the sequence of vectors of ‘n-cut’ spliced graphs G, . Let Y, be the

sequence of vectors obtained by reordering the last 2k-2 vertices of ‘nj-cut’ spliced graphs
Gz .Two sequences X, and Y, are said to be equivalent (X,=Y,) when

XTL: ( X, X1, X2, ""ka—l) Vk>3& Yn:( Vo, Y, Y2, eees .,ka_l)VI(Z:; and if there exist a
single permutation f(x;)=y; V 0<i<2k-1.

The ‘n-cut’ & ‘ni-cut’ spliced graphs G, and Gg on 2k vertices are said to be
equivalent (G, = Gg ) if there exist a bijection h : [2k] — [2K] such that A, = Bnhm Vie[2K]
where A, &B, are the finite sequences of vectors on G, andGg . The finite sequence of

i h(i) n

vector A, is given by { Ae,Ae,..., A2 e} for the graph recurrence centered at vertex i.

From the above argument, we obtain two cases.
Case i: A bijectionbetween the finite vertex sets of ‘n-cut’ & ‘ni-cut’ spliced graphs G, &

Gg, such that the graph finite recurrence sequences centered at corresponding vertices are the
same. Therefore, there is a “fake isomorphism” between G, &G
Case ii: We have, A, is a finite sequence of vector of an ‘n-cut’ spliced graph G, . Theorem

3.1 shows the equivalence of the corresponding infinite recurrence sequence of vectors.
Hence, obviously there is an “isomorphism” between G, &Gz and also they are

equivalent.
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5. RECURRENCE RELATION OF ‘N-CUT’ SPLICED GRAPH
For the following splicing system, F, denotes the number of cuts in the splicing

system after ‘n’ times. Therefore, F = 1.

Do 1= 1" 1

Figure5: R, +C= K
From figure 5, F is a concatenation(*) of F,and C.
Here —1— is denoted by C and F,=0i.e. F, + C= F.
Similarly, for ‘2-cut’ spliced graph

| R I S S

Figure6: F+C=F,
From figure 6, F, is a concatenation(*) of Fand C.
ie. F+C=F,.
Proceeding like this, we get F,_,+C=F,.

Therefore, F, - F = C is the recurrence relation of ‘n-cut’ spliced graph.

Consider the value of C as the number of edges in C. (i.e.) C=3.

Hence F, — F,=3Vvn>1

Solving the above recurrence relation, we get

F,=F,.1+3.Nowreplacenbyn-1, F_,=F, , +3.

Substitute Fnin to F,, F,=(F,, +3)+3= F,=F,, +2.3. By replacing n by n-2, we get
F.,=F,3+3. Substitute Fq.in to Fito obtainF,=F, _,+23=>F,=(F,3+3)+23=
F,=F,3+33. In general, F,=F,_, +k.3 where k=1, 2, 3, n-1. Substitute k=n-1 to obtain,
F=Fipy +t(-D3=F,=F +(n-1)3

Substitute the initial condition F =1 in the above equation, we get F,=1+(n-)3=
F, =3n-2 as the required solution.

6. CONCLUSION

In this paper, we discussed the graph recurrence sequence of vectors to validate
whether the given spliced graphs are determined and isomorphic. It is hoped that this
approach will contribute immensely for the development of DNA computing.
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